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DIJKSTRA'S SHORTEST PATH

* Find shortest path from s to all other vertices.

* Once we have computed the shortest path to a vertex, we don't
revisit it again.

Visited. Not yet visited. dijkstra (G, s):
Have shortest paths dlv] = infinity
disl= 0
prevls] = s
PQ.add(G.V, infinity)
PQ.add(s,0)
while PQ not empty:
u = PQ.DeleteMin()
for edge (u, v):
it vle> dlilE] ~F WU V) -
divl = diful + wliu, v
prevlv] = u
PQ.DecreaseKey(v, d[v])
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NEGATIVE EDGE WEIGHTS

« Thus when we have negative edge
weights. The negative weights won't
propagate to other nodes if we have
already visited nodes with incoming
edges with negative cost.

di jkstra (Girs)s

dlv] = infinity

dis] = ©
Start at S previs] = s
PQ.add(G.V, infinity)
. PQ.add(s,0)
Process B. d[b] while PQ not empty:
Process C. dc] u = PQ.DeleteMin()
Process A. d[a T
5 i Vi dElE - WU V)
Process B. d[b] = drt ko
Process C.d[c] =3.d[b] =0 orev[v] = u
New distance for B, but B not in PQ PQ.DecreaseKey(v, dlvl)

Won't update D

Process A. d[a]
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BELLMAN-FORD ALGORITHM

Solution: Update shortest path distances values for all vertices if
we have found a shorter path.

How many times to do this for?

Furthest vertex from source vertex s (in terms of number of
edges) can at most be |VI - 1 edges away.

Update only VI - 1 times.

Demo
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https://www-m9.ma.tum.de/graph-algorithms/spp-bellman-ford/index_en.html

BELLMAN-FORD ALGORITHM

 Solution: Update shortest path distances values for all vertices if
we have found a shorter path.

» Update only VI - 1 times.

bellman_ford (G, s): Update(t, - v) J:
divl = infinity dist(v) = min(dist(v), dist(u) + w(u, 1)
disl-= @
prev[s] = bellman_ford (G, S)Z
do [V~ iter kibns: dlv] = infinity
for edge (u, v): dls] = 0
if divl > diul * wlu, v): previs] = s
dlv] = d[ul + wlu, v] do V| = 1 dterations:
previv] = u for edge (u, v):
update((u, v))

O(IVIIEI)
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BELLMAN-FORD ALGORITHM

Order of iteration on edges matter.
Shortest paths could converge sooner or later.

There exist a path from source s to u of length dist(u) (unless it's

o0)

After i iterations, have found shortest path from s to u that uses i
or fewer edges.
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BELLMAN-FORD ALGORITHM

lteration Order

(S, B), (

A, (5, A), (C, B), (5, C)

bellman_ford (G, s):

dlv] = infinity

dls] = 0

prevls] = s

dei: [Vl =1 1térations:

for edge (u, v):
1 divE > b FanictE V)

dbvile = dlft] = Wiy, ¥
prevlv] = u
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BELLMAN-FORD ALGORITHM

lteration Order
(S, B), (B, A), (S, A), (C, B), (S, C)

Sy

0,5 09

bellman_ford (G, s):
: : : dlv] = infinity
. = DS ; gfs] =0
5 5 : prevls] = s
oo i 5 do |V| - 1 iterations:
: ' : for edge (u, v):
1 divE > b FanictE V)
dbvile = dlft] = Wiy, ¥
prevlv] = u

(o )
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BELLMAN-FORD ALGORITHM

lteration Order
(S, Bl (B, A) (S, A), (€, B), (5, C)

o h

0,S

o8

2,S

bellman_ford (G, s):

dlv] = infinity

dls] = 0

prevls] = s

dei: [Vl =1 1térations:

for edge (u, v):
1 divE > b FanictE V)

dbvile = dlft] = Wiy, ¥
prevlv] = u
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BELLMAN-FORD ALGORITHM

lteration Order
(S, Bl (B,ARKS, A), (€, B), (5. C)

o h

0,S

15 2

2,S
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BELLMAN-FORD ALGORITHM

lteration Order

(S, B), (B,

A), (S, A), (C, B), (S, C)

o h

0,S

1.5

2,S

bellman_ford (G, s):

dlv] = infinity

dls] = 0
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BELLMAN-FORD ALGORITHM

lteration Order
(S, B), (B, A), (S, A), (C, B), (S, C)

o h

0,5 09

bellman_ford (G, s):

L G ity

- P d[s] = o

. : : prevls] = s
% . Je 5 do |V| - 1 iterations:
: : : for edge (u, v):
1 divE > b FanictE V)
dbvile = dlft] = Wiy, ¥
prevlv] = u
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BELLMAN-FORD ALGORITHM

lteration Order
(S, B), (B, A), (S, A), (C, B), (S, C)

o h

0,5 %05 0

bellman_ford (G, s):

2 LS s T ey

s o afs] 8.0

. : : prevls] = s
o f . dicHEl SR C ! do |V| - 1 iterations:
: ' : for edge (u, v):
1 divE > b FanictE V)
dbvile = dlft] = Wiy, ¥
prevlv] = u
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BELLMAN-FORD ALGORITHM

lteration Order
(S, Bl (B, A) (S, A), (€, B), (5, C)

o h

0,5 %05 0

bellman_ford (G, s):

2 LS s T ey

s o afs] 8.0

. : : prevls] = s
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dbvile = dlft] = Wiy, ¥
prevlv] = u

Raymond Chan, UC Berkeley Fall 2017




BELLMAN-FORD ALGORITHM

lteration Order
(S, Bl (B,ARKS, A), (€, B), (5. C)

o h

0,5 %05 0
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2 LS s T ey
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BELLMAN-FORD ALGORITHM

lteration Order
(S, B), (B, A), (S, A), (C, B), (S, C)

o h

0,5 %05 0

bellman_ford (G, s):

2 LS s T ey

o Loc dls] = ©
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BELLMAN-FORD ALGORITHM

lteration Order
(S, B), (B, A), (S, A), (C, B), (S, C)

o h

0,5 %05 0

bellman_ford (G, s):

2 LS s T ey

= T o dls] = ©

. : : prevls] = s
o f . dicHEl SR C ! do |V| - 1 iterations:
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BELLMAN-FORD ALGORITHM

lteration Order
(S, B), (B, A), (S, A), (C, B), (S, C)

o h

0,S "0 0SS 05

S G BTG s G

& oS e hCc 0.0

35 35 35

bellman_ford (G, s):
dlv] = infinity
dls] = 0
prevls] = s
dei: [Vl =1 1térations:
for edge (u, v):
1 divE > b FanictE V)
dbvile = dlft] = Wiy, ¥
prevlv] = u
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BELLMAN-FORD ALGORITHM

lteration Order
(S, Bl (B, A) (S, A), (€, B), (5, C)

o h

0,S "0 0SS 05

B L Pg Fofs s 5p

& oS e hCc 0.0

35 35 35
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BELLMAN-FORD ALGORITHM

lteration Order
(S, Bl (B,ARKS, A), (€, B), (5. C)

o h

0,S "0 0SS 05
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BELLMAN-FORD ALGORITHM

lteration Order
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BELLMAN-FORD ALGORITHM

lteration Order

(S, B), (
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BELLMAN-FORD ALGORITHM

lteration Order

(S, B), (
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o h
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BELLMAN-FORD ALGORITHM

* Negative Cycle A-C-B-A

* Perform 1 more iteration to see if
any nodes have a shorter distance

N e R

0:S=50°5 .05 10,5 05

=% 155 115 "0B 08B

% 2.5 B0EC 00 8C

S 0138 WA 5A BN

lteration Order
(S.B). (B, A), (S: A (€. B), (S;C). (A-C)

2
282

\.3

bellman_ford (G, s):

dlv] = infinity

dls] =

prevls] = s

dei: [Vl =1 1térations:

for edge (u, v):
1 divE > b FanictE V)

dbvile = dlft] = Wiy, ¥
prevlv] = u
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SHORTEST PATH IN DAG

* In any path of a DAG, vertices appear in increasing linearized
order.

* Topological sort, and then visit vertices in sorted order.

» Update distance to neighbor.
update((u, v)):

dist(v) = min(dist(v), dist(u) + w(u, 1)

dag_shortest_path (G, s):

dlv] = infinity

sl =-0

prevls] = s

Linearze G

do vertex u in linearized order:
for edge (L, V)

update((u, v))
O(IVI + |EI)
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SHORTEST PATH IN DAG

* When you reach a vertex v, you have already found shortest path
to it.

 Visited all vertices that has an edge to v.

update((u, v)):
dist(v) = min(dist(v), dist(u) + w(u, 1)

dag_shortest_path (G, s):

dlv] = infinity

sl =-0

prevls] = s

Linearze G

do vertex u in linearized order:
for edge (L, V)

update((u, v))
O(IVI + |EI)
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SHORTEST PATH IN DAG

Find longest path by negating all edge lengths.

Negative edge weights work.

No need to propagate them forward.

e : update((u, v)):
Visit each vertex in turn. Gt e et et e
dag_shortest_path (G, s):
dlv] = infinity
dls] = 0
prevls] = s
Linearze G
do vertex u in linearized order:
for edge (L, V)
update((u, v))
O(IVI + |EI)
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MINIMUM SPANNING TREE

* Spanning Tree is some tree of the graph.
* All vertices connected if graph is connected.

* Minimum Spanning Tree takes edges with lowest total cost.

Raymond Chan, UC Berkeley Fall 2017



MINIMUM SPANNING TREE

» Cut Property
 Set of edges whose removal disconnects the graph.

* For any partition of vertices V, (S, V - S), set of edges that
crosses the two partitions.

* Any edge of minimal weight in a cut is in some MST.

 |f it is unique, it must be in the MST.
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MINIMUM SPANNING TREE

» Cut Property
* Set of edges whose removal disconnects the graph.

* For any partition of vertices V, (S, V - S), set of edges that crosses the
two partitions.

o3
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MINIMUM SPANNING TREE

Suppose we have two MSTs T4 and To.
Edge e crosses the {T4, T2} cut. Adding edge e’ creates a cycle.

Removing the largest edge in this cycle keeps T4 and T2 connected, and creates a
spanning tree of T4 and To.

Since T4 and T2 were both MSTs, and removing largest edge creates another spanning

tree, {T4, T2} is a MST.
T4 )

s
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KRUSKAL'S ALGORITHM

* Choose lightest edge that does not form a cycle.
* O(IEl log IEIl + [El log IVI) = O(IEl log IEl) = O(IEl log IVI)

 Demo

kruskal (G):
sort edges
for each edge in sorted order:
if no cycle:
add edge
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http://visualgo.net/mst

PRIM’S ALGORITHM

Grow tree similar to Dijkstra’s algorithm.

Take lightest edge that connects existing tree to unseen vertex.

O((IVI + IEl) log IVI) with binary heap =

clv] = infinity
O(IEl + IVl log IVI) with Fibonacci heap cls] = 0
prev[ls] = s
PriorityQueue.add(G.V, c¢)
Demo while PQ not empty:
u = PQ.DeleteMin()
add (u, prev(u)) to T
for edge (u, v):
generic_MST(G): L WtV ) < CO
StartsaS = W C@) = (U, V)
find lightest edge (x, V) PEEVlvS = U
i erossing (S V. =-S) RQsDecreasekey(v. ey 9
S = S union {y}
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http://visualgo.net/mst

MST NEGATIVE WEIGHTS

Both Kruskal’s and Prim’s work with negative weights.

Smallest edge is defined the same for positive or negative
weights.

Kruskal’s candidate edge is least weight edge that connects two
distinct components.

Prim’s candidate edge is least weight edge connecting to seen set
to an unseen vertex.
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